The hysteretic ac response of the current-induced critical state of superconducting wires (strips of circular or rectangular cross-section) is expressed in a surface impedance formulation. The results for the rectangular strip are shown to be in good agreement with experimental results on the high power nonlinear response of superconducting microwave devices. The approach provides a proper framework to understand such nonlinear response.
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The hysteretic ac response of the current-induced critical state of superconducting wires (strips of circular or rectangular cross-section) is expressed in a surface impedance formulation. The results for the rectangular strip are shown to be in good agreement with experimental results on the high power nonlinear response of superconducting microwave devices. The approach provides a proper framework to understand such nonlinear response.
The high power response of superconductors at high frequencies (such as microwavesj is of great practical importance"" but a difficult problem to understand. At present superconducting microwave devices are superior in performance compared to similar non-superconducting devices but at low microwave powers only. Their performance degrades drastically at high powers, and is in fact one of the main limiting factors in many applications. This degradation can be attributed to increases in surface resistance R, and penetration depth 1 with increasing microwave power or field.
Despite several experiments, a proper understanding of the high power response is yet to be, achieved. This is because of three features: (1) the nonlinear nature of the problem, (2) inhomogenous spatial distributions of currents and fields, and (3) the dynamical response at high frequencies, all of which are particularly difficult to treat.
On the other hand, it is not often recognized that the experimental phenomenology is quite consistent and clear. In general, R, and X initially increase with increasing microwave magnetic field H, usually as AR,, AXaH2, followed by a faster increase at higher fields. Some frequency dependent experiments have also found that the increases are proportional to frequency. Aside from the general trend that nonlinearities decrease, and hence device performance improves, with improved film quality, there is no quantitative understanding of the material parameters which influence this nonlinear behavior.
In this paper, I show that the nonlinear high frequency response of planar superconductors can be well described in terms of the hysteretic ac response of a current carrying strip. The basis of the analysis is the Bean critical state3 model applied to the current-carrying critical state of thin films and wires. Thus the response is described in terms of the intrinsically non-linear, non-homogenous ac response of the critical state. The approach of this paper is to consider first a superconducting cylindrical wire of radius a for which the surface impedance picture is easily derived. Next we consider a rectangular strip. Each of these may be regarded as a "Bean element," i.e ., the local current density can never exceed J, .
For a cylindrical wire of radius a, the assumption of a field free region r<b (<a), leads by Ampere's Law to the requirement that J=O for r<b (see Fig. 1 ). Assuming uniform current density J, in the region b < r < a, leads immediately to the flux penetration law b(Z) for a given total current Z (see Table I ). Z,=J,Ta' is the maximum current possible. Application of Ampere's Law using the current density then gives the fields everywhere (see table I ).
For a time-varying current, the response is hysteretic. If the current is oscillatory Z(t)=Ze sin(or), then the protiles are determined by the maximum current attained, and hence are determined by the peak currents.4 Profiles for a monotonic increase of the current from 0 to I are shown in Fig. 1 . The electric fields can be calculated from the time-varying flux: E(Yj= -(a/at)S$e(r)dr.
The total power 10s~~ per unit length is .then obtained by integrating over a cycle PIZ=.fdt~~(r)E(r)2mdr.
This power loss is radially inward into the material.
From the power loss per unit area one can obtain the surface resistance of the conductor P/(1297-a) = (1/2)R,H~(a>.8 Using Hg(a)=Z/2ra, we get the surface resistance R, shown in the table.
To obtain the inductance it is convenient to confine the fields by constructing a coaxial cable with an outer conductor made of ideal (loss-less) material. The inductance per unit length of the coaxial pair can be obtained from
where R is the radius of the outer conductor, leading to the surface reactance X,= @La. The geometric inductance Lo has been taken out in order to display the current dependent terms only.
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The expressions for R, and X, clearly demonstrate the non-linear dependence on I or H. The I (or H) dependence is shown in Fig. 2 . For small x=IIIS= HIH, , . where H,=I,/27ra, the leading behavior is linear, i.e. R,,X, a Z (or H). The key reason for this is the initial linear penetration of the flux represented by b(Z). The results obtained here should be applicable to coaxial resonator experiments. ' The case of a rectangular strip (width W = 2a, thickness d) is of importance because a variety of devices such as microstrip transmission lines and resonators are made of thin films with rectangular cross-sections, as we discuss later; However, unlike the circular wire where circular symmetry enables the analysis to be presented as above, the strip requires more formal analysis. This was first carried out by Norris," and has recently been treated in more detail by others5 We use the results of Norris to calculate the surface impedance of a strip. The assumption of a flux free region Iy 1 <b inside the superconductor, and a maximum current density J, leads to a distribution J(y) shown in the table. A key assumption is the uniformity of the current along the height of the film, i.e., along the x-axis. This reduces the problem to a onedimensional one along y. The flux density P&~(Y) is strongly peaked at the edges (Fig. l) , and hence leads to penetration even for small currents. ' We again consider an oscillating current Z(t) =I, sin( wt). As for the previous case, the electric field E(y)=-(d/dt)S&q$I,(y)dy, and from it the total power loss per unit length of the strip P/L = 2uSdtJ?,E(y)J(y)dy can be obtained. Again the response is determined by the critical state profile at the peak current, which are shown in Fig. 1 .
To describe the response of the strip in terms of the surface resistance defined as PIA=1/2R,&~, where HY is the tangential surface microwave magnetic field, and P/A is the power absorbed per unit area. In linear response, H,=I/2W when the current is uniform. In the present case the response is non-linear and the current is non-uniform, and the relation between H and Z is not linear.*' However, using the above relation between H and I as a definition, we obtain the expression for R, in the table.
In order to calculate the inductance, a return conductor is necessary to confine the fields. If the radius of the outer conductor R*a, it will have negligible effect on the field profile in the inner superconducting strip. An exact result requires numerical integration over the entire field profile. However, it is clear that the leading behavior can be estimated as for R, and one obtains XS4x"+O(x4), since this is determined by the penetration depth of the profile a-b. (Here Z, = J,d W and H, = J,d/2). Figure 2 shows R, plotted vs Z or HY for the strip. The behavior is very similar to that seen in several microwave experiments.'r7 It is clear that R, 0~ I" for very low tields (currents) and rises faster with increasing current. Indeed, from the limit of frect(x)--+x4/6+x6/15, it is obvious that for
R,P(~zJ~~W/~T)(H~/H~~).~~ The above results predict that the non-linearities are proportional to fre-quency, as has been noted in experiments, and is related only maximum vortex velocities, one expects the above descripto geometrrc quantities Row and W. Furthermore the nontion to be valid for times longer than 10e9 s. A more precise linearities are inversely related to J, , with the leading term m l/J~, and are suppressed by high J, .
frequency dependence of the dynamics needs to be worked out. For a YBCO thin film with J,(4.2K)cJ107A/cm2, W= 150pm, d=0.3pm, and z~=2GHz, leads to a leading term of R,/(,u~H)~= 4.5(pi270e2). These values are comparable to those observed in experiments. It may be noted that the small film thickness enhances the manifestation of non-linearities.
Indeed for the strip geometry, the surface impedance description is inappropriate, since the latter is really suited for the case of uniform field configurations. In fact, in the strip geometry, power tlow is inward from the strip edges, i.e., inward along y, because of the strong current crowding at the strip edge, rather than into the wide direction of the strip (i.e., inward along X) as is implicitly assumed in the surface impedance picture. Thus for the nonlinear experiments it is probably better to avoid the artificial impedance picture, if the geometry is that of a thin film strip. (This problem obviously does not arise for the circular wire.) It is also better to avoid representation of the results in terms of H,, as is often done to extend linear results. Instead the power (or the total current 1) can be used as a parameter.
Because the analysis depends only on the critical state, the results should be valid for both Abrikosov vortices and Josephson fluxons. The only material parameter which enters is J,. The above analysis suggests that enhancing J, can enhance high power microwave performance also, and not just static current applications. This has not been appreciated previous1 y.
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It should be noted that for an actual microwave configuration such as a stripline resonator, the fields and currents also vary along the strip length, whereas we have considered here an infinite, uniform strip. Usually the current variation occurs on length scales much larger than the critical state length b. If the current is distributed as lag(z) along the length L of the strip, then the surface resistance can be written as R,=(4VELoWl~TT)J'f;f,,,tLXg(z)ldzIX2S~g2(z)dz, where x =lu/l, and 1, is the peak current at the current maximum. This shows that a simple use of a geometric factor as in linear response is not applicable for nonlinear response. However the leading behavior is still H2.
An essential assumption in the above analysis is that the critical state adiabatically "follows" the field even at microwave frequencies. This is valid only if the critical state penetrates fully before the field reverses. Using estimates of the
